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A Class of Polynomials in Two Variables

ABDULLAH ALTIN AND RABIA AKTAS

ABSTRACT. In this paper, we present some families of polynomials in
two variables. Some further results of these polynomials as generating
function, Rodrigues formula and recurrence relations are discussed. We
derive various families of bilinear and bilateral generating functions.
We also give some particular cases reduced to Hermite-Hermite and
Laguerre-Laguerre polynomials.

1. INTRODUCTION

Recently, several families of multivariable polynomials have been derived
in [2,3,4]. In this paper, we give some families of polynomials in two vari-
ables. In [1], we presented a family of polynomials defined through Rodrigues
formula:

dn
(1.1) Brin(m—1) () = ewm(w)w (wk (z) efsom(x)>

where ¢4, p(m—1) () is a polynomial of degree k+n (m —1),n =0,1,2,...
and, 1 (z) and ¢, (x) are polynomials respectively of degree k and m;
k,m = 0,1,2,.... In that work, for these polynomials whose special cases
are reduced to Hermite polynomials, we gave some recurrence relations and
generating function. In this paper, as a generalization of polynomials (1.1),
we present a family of polynomials in two variables and obtain some relations
satisfied by these polynomials. We also derive various families of bilinear and
bilateral generating functions for these polynomials.

Krall and Sheffer |5] (see also [8] ) showed that the products of two clas-
sical orthogonal polynomial are orthogonal. Two of such polynomials are
respectively Hermite-Hermite and Laguerre-Laguerre polynomials which are
of degree m +n

Froimm (z,y) = Hp (x) Hy, (y); m,n=0,1,...

and
Kntmm (,y) = Ly () Ly, (y); m,n=0,1,...
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Hermite-Hermite polynomials are orthogonal over the domain

D={(z,y): —o0o <z <00, —00 <y <00}

with respect to the weight function p (z,y) = e~2*=¥*. Similarly, Laguerre-

Laguerre polynomials are orthogonal with respect to the weight function
p(x,y) = e 7Y over the domain

D={(z,y): x>0, y>0}.

We define a family of polynomials whose particular cases are reduced to
Hermite-Hermite and Laguerre-Laguerre polynomials with Rodrigues for-
mula:
an1+n2

Hzm dyn2 {‘/’k (z,y) e’%"m(zvy)}

(n1,n9,k,m=0,1,2,...,)

where N = (m —1)(n; +n2) + k denotes the total degree of the poly-
nomial with respect to the variables x and y, and subindex ngy gives the
order of polynomials which are of degree (m — 1) (n1 + ng) + k. Let ¢y (x,y)
and ¢, (z,y) be polynomials of respectively total degree k and m with
respect to z and y. Also, let ¢, (z,y) contain at least two of monomials
{xm_kyk , k=0,1,... ,m} of degree m. Taking ni — ng instead of ny in
(1.2), the polynomials (1.2) give (n1 + 1) polynomials which are of degree
(m—1)n; +k forny=0,1,...,n;.

The main object of this paper is to construct a polynomial set which con-
tain Hermite-Hermite and Laguerre-Laguerre orthogonal polynomials and
to give some relations satisfied by these polynomials. We derive various
families of bilinear and bilateral generating functions for the polynomials
N, ny (x,y) given by (1.2). We also show that some particular cases of (1.2)
are reduced to Hermite-Hermite and Laguerre-Laguerre orthogonal polyno-
mials.

(1.2) ON, ny (x,y) = e#mY)

2. GENERATING FUNCTION FOR THE POLYNOMIALS ¢n, n, (2,Yy)

In this section, we give some families of generating function for the poly-
nomials ¢y, n, (z,y) with two variables in the form

oo
F(x,y;rl,rg): Z Any g Py mo (Jcay) T?ITQQ

ni,n2=0

with the help of the Cauchy’s integral formula.
Theorem 2.1. For the polynomials ¢n, n, (2,y), we have

(2.1) Z ON, s (7,9) ol F(z,y;r1,72)
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where
F(x,y;r1,m2) = Yy (x 4+ 11,y +172) efm(@v)=pml@triytr)

Proof. Consider the series

Ap, (z,y,71) Z(bmey

n1=0

Since
) om +n2

ON na (@y) = 70 S

{% (2,y) efsom(xyy)} 7

with the help of the Cauchy’s integral formula,we can write that

o)

o2 Ui (2,y) e~ #m(z0)
An2 (SUay, 7"1) = 6(pm(r,y) Z 27”% n1+1 dz 7’7111

n
n1=0 ay ’
ni
zZ—X

erm(@y) gne f Uy (2, ) e=#m(z) Z
- ; n _
2mi  Qyn2 z—x =
where the closed contour C in the complex z—plane is a circle (centered at
z = x) of sufficiently small radius, which is described in the positive direction
(counter-clockwise). Therefore

Any (#,9,71) = 270 8y”2 z— :C—l—rl) dz

.
LI ]

)
Z—X

2

— epm(@ ,y)gn2 {1/% (z + 71, )G*@m(ff+7"1’y)}

where Cy is a circle (centered at z = x+11) with radius € > 0 in the complex
z—plane. Thus

> ni n
T o™
Z ¢N, ng (CC, y) #1' = ewm(w,y) n

{% (x+71,9) e—%"m(rﬂ"l,y)} .

n1=0 ay ’
n2
Multiplying both sides of (2.2) by —= and then summing both sides, we
o
obtain
ritrg?
Z ¢N n2 (.’E y) n1'n2
(2.3) s n2=0 2 n

Y S PR P g
ng =0 ng!
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Applying the Cauchy’s integral formula again to the right hand-side of (2.3),
for suitable contour C3, we have

= dn,
y +72)

T2
n—y

<

— wk (m + 7’1, y —|— 7”2) e@m(x,y) ‘Pm(ﬂﬁ'ﬂ"l,y—i—m)

which completes the proof of the Theorem 2.1.

3. SOME RECURRENCE RELATIONS OF THE POLYNOMIALS ¢N, pn, (,9)

In this section, we give some recurrence relations satisfied by the polynomial
set ¢n, n, (2,y) for some special choices of the polynomials 1, (z,y) . Choos-

ing ¥y, (z,y) = (ax+ by +)* | (a,b,ceR, k=0,1,...) in (1.2), we get
the polynomials:

o +ng

_ m(my )7
(3.1) ¢N, ng (az,y) - ecp Y al.nl@ynz

{(aaz + by +¢)f e_wm(m’y)} .

As a consequence of Theorem 2.1, the generating function for the polyno-
mials (3.1) is given by

(3:2) D0 onm () 2 = F (i)

where
F(2,y;r1,r2) = ePmO07m @) [0 (g 4 ry) + b (y +12) + )"

For these polynomials given by (3.1), we have the following results.
Theorem 3.1. Let

n n
QPD (2,511, n2) = (az + by + ¢) ( ll> (p _2 l) ON—pmtp, na+i—p (T, Y)

ni

a (l + 1) <l + 1> < >¢N (p+1)(m—1), no+l—p (ZL‘, y)
niy ny
+b(p—1+1) ( ] ) (p 4 1) ON—(p+1)(m—1), nati—p—1 (T,Y) -
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Then for the polynomials ¢y, n, (x,y), we have the following recurrence
relations

m-lp or+1

Z > aPh (g, y;nl’HQ)W@m (z,y)
0 1=0

= (ax + by + ) ONtm—1, ny (2,y) +a(n1 — k) on, ny (7, y)
+bn2dN, no—1 (2,y)

’B

and
m—1 p ap+1
ZQ (z, y,m,nz)WVJm (z,y)
p=0 I—
= (ax +by+ €) ON+m—1, no+1 (T, Y) + an1dN, ny+1 (2, y)
+b(n2 — k) N, ny (2, y)
where

m>1,n>l+1,n>p—I0+1.

0
Proof. The Taylor series of the polynomial a—qpm (x + 71,y +1m2)at
1
(r1,7m2) = (0,0) is given with

m—1

0 P 1 or+1 -
(3.3) o om (T +7r1,y+7r2) = > zzﬂ( >3xz+13ypzsom (z,y) rirb "

3

Differentiating each member of the generating function (3.2) with respect to
r1 and using (3.2), we find that

ni—1 no

an’ r

nl
ni, n2=0 2

o]
ak n1 .n2

= 3 G () 2y

alx+r)+bly+re)+c ni! ng!

ni, n2=0

[e.o] ny .n2

0
+871<Pm (x+711,y+712) Z ON, ny (T, Y) ol

ni, no=0
Using (3.3) in the last equality, therefore we get the first desired recurrence
relation for the polynomials ¢n, n, (2,¥) .

0
On the other hand, the Taylor series of the polynomial a—gom (x+71,y+r2)at
T2

(?”1,7“2) = (0,0) is
-1

) "1 ortl 1
(3.4) Brg —om(z+r,y+r2) = ;ﬂ()&clayl’l“@m@ y)r1r2 :

3

3
I
=)
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Similarly, if we differentiate two hand side of (3.2) with respect to r9 and use
(3.2) and (3.4), we obtain the second recurrence relation.

Other recurrence relations for the polynomials ¢y, », (,y) can be ob-
tained by differentiating the generating function (3.2) with respect to x and
y, immediately.

Theorem 3.2. Let Q®!) (z,y;m1,n2) be as in Theorem 3.1. Then for
the polynomials ¢, n, (x,y), we have the following recurrence relations

3

P opr+1
Q ; ) al+r1a9 o—1 )

I
o

p

0 0
= (az+by+c) %QSN, no (2,y) + any %@\umﬂ, no (2,9)
0 0
+bn2%¢me+1, no—1 (%, Y) — AN1ON—m+1, no (2, Y) 95 Fm (z,y)
0
~{ak @ by ) o 2.9) o, s ()

0
—bnodN—m+1, no—1 (2,9) 95 Fm (z,v)

and

—_

3

P or+1
ZQ (@, y,m,m)W@m (2,9)
1=0

i
o

0 0
= (GJJ + by + C) 67y¢N, no (xay) + anlaiy(z)N—m-i—L no (.CC, y)
o (2,9) — amo (5,9) 2o (2,9)
nzay N—-m+1, na—1 L, Y 1PN—m+1, ne \ T, Y aySOm 'Y
0
— {bk: + (az + by + ¢) a—ygom (a:,y)} ON, ny (2,Y)

0
—bN2dN—m+1, no—1 (x,y) a*y‘ﬂm (z,v)

where
m>1, n>0l4+1, nn>p—1+1.

The next results can be easily obtained from Theorem 3.1 and Theorem 3.2.
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Theorem 3.3. For the polynomials ¢n. n, (z,y), we get as follows

and

((l.%' + by + C) ¢N+m—1, n2 (.1', y)

o
+ {am + (az +by +¢) 5—om (=, y)} PN, ny (T, Y)

0 0
= (a“r + by + C) 7¢N7 ng <I’, y) + anlix(bN—m—f—L ng ([L’, ?J)

ox 0

0 0
+bn2%¢N—m+1, na—1(T,Y) — AMION—m+1, no (%, Y) pPm (z,y)

0
_an {¢N—m+1, no—1 (x,y) %(Pm ($7y) + ¢N, ng—1 (l’,y)}

(ax + by + ¢) dN+m—1, not1 (T, Y)

0
+ {bnz + (az + by + ¢) 3,9 (, y)} N, ny (2,9)

0 0
= (ax+by+c) @¢N, no (2,y) + bn2aiy¢me+1, na—1 (2, y)

0 0
+an afyngme, no (T, Y) — bN2dN—m41, no—1 (2, Y) @@m (z,y)

0
—any {(ZSN—m—I—l7 n2 (1‘, y) %@m (ac, y) + ¢N7 na+1 (a;, y)} .

Setting ¥y (z,y) = 1 in (1.2), we obtain the polynomials

(3.5)

. 8n1+n2 B .
¢N1, no (x,y) = e@m( 7y)W {6 LPm( ,y)} .

which are of degree N1 = (m — 1) (n1 + n2) . As a result of Theorem 3.1-3.3,
we have following:
Corollary 3.4. The polynomials ¢, n, (z,y) hold respectively:

¢N1+m71, no (.’1}', y)
gpt1

m—1 p
niy n9
- Z Z ( l > (p — l) PNy —pmtp, nati—p (2,Y) me (,y),

p=0 =0

¢N1+m71, na+1 (fC, y)
8p+1

m—1 p
niy n9
- Z Z < l > (p — l) ¢N1—pm+p, no+l—p (.CC, y) W@m (.%, y) ,

p=0 [=0
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m—1

P
n n or+l
Z( 1)( ’ >¢N1 —pm+p, na+l—p (T, y)w‘ﬂm (z,y)
p=0 [=
0 0
= %Qﬁ]\[h no (xay) - ¢N1, ng (way) %@m (‘Tay) )
m—1 p
n n optl
- Z Z < ;)( ’ )¢N1 —pmtp, na+i—p (T,Y) W‘Pm (z,y)
p=0 1=0

0 0
= %¢N1, n2 (xay) - ¢N1, ng (x,y) aiysom (l‘,y)

for
ny >0, no>p—1, m>1.
0 0
%QSNl, ne (xvy) = ¢N1+m—1, no (l’,y) + ¢N1, ne (xvy) %Qam (x’y) ;

0 0
aiyngl, no (xvy) = ¢N1+m71, no—+1 (ﬁ?y) + d)Nl, n9 (xay) aiysom (SC, y)
for

ny, ng > 0.

4. ORTHOGONALITY OF SPECIAL CASES OF THE POLYNOMIALS
¢N,n2 (:U> y)

In this section, taking some special cases of the polynomials ¢, n, (z,),
we give orthogonality of the polynomials expressed as product of two clas-
sical Hermite polynomials or Laguerre polynomials. Setting vy (z,y) = zy
and ¢, (z,y) = 22 +y? in (1.2), we have

+n2
- 24,2 o™ 9 9
Pritnatom, (T,y) = € yW xye * Y
(e Y (1t
2 dxnitl 2 dynz-‘rl
(_1)n1+n2

= meH () Hppy1 (y) 5 n1,m2 =0,1,. ..

where Hy,, 11 () and Hy,41 (y) are Hermite polynomials of degree n; + 1
and no + 1, respectively.

{Fn1,n2 (.CU, y)} = {¢n1+n2+27n2 (ﬂj,y)} ; ni,ng =0,1,..
polynomials are orthogonal over the domain
D:{($,y)i—00<$,y<00}

with respect to the weight function p(z,y) = ¢~* %", Infact, from ([6],
p.193), we have
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o o0 2 2
f f e Y By g (2, 9) Fong iy (2,y) dady

—00 —O0

= 2mtn2=2 () 4 1)1 (ng + 60, mi Ong,mo

where 0, m, and 0n, m, are Kronecker delta. On the other hand, getting
om (r,y) = 22 + y* + az in (3.5), we have

n1+n2
6 (2,y) = etviros O [ atyiaa
ni+nz,ng Dz dyn>

— ea:2+oz:v om e—a:2—ozx ey2 o e—y2
oz™ oy™

= (e e ) (o )

o
= (—1)TL1+”2 H,, (m + 5) H,, (y); ni,n2=0,1,...

where H,,, (x + %) and H,, (y) are Hermite polynomials of degree n; and
ng, respectively. Similarly

{Knimo (2,9)} = {Pn14nams (,9)} 5 na1,m2 =0,1,..
polynomials are orthogonal with respect to the weight function p(x,y) =
a2
e (#+5) " over the domain D = {(z,y) : —oo < z,y < oo }. Thus,
oo oo a2 9
| S e K (@) Koy () dady

—00 —00
— 2n1+n2 (nl)' (712)!77-577,1,7’)11 6’”27m2

where 0y, pm, and 0y, m, are Kronecker delta.
If we take ¢ (z,y) = 2™ y"2 and ¢, (x,y) =z + y in (1.2), we get

8n1+n2 S —y
. 1,M2 ,—T—
¢n1+n2,n2 ($7 y) = ¢ W {x y-e }

o o>
- (L) (o)

= m!ng!Ly, () Ly, (y); ni,n2=0,1,...

T+y

where Ly, (z) and Ly, (y) are Laguerre polynomials of degree n; and no,
respectively. Therefore,

{Km,nz (z,y)} = {¢n1+n2,n2 ()} 5 n1,n2=0,1,...

polynomials satisfy the following orthogonality relation from ( [6] ,p.206):

[o olNe o]
//e_x_yKnl,nz ($> y) Koy ms (.I‘, y) dxdy = (nl!)2 (nQ!)2 5711,77115712,77%2'
0 0
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5. BILINEAR AND BILATERAL GENERATING FUNCTIONS

In this section, we derive several families of bilinear and bilateral generat-
ing functions for the polynomials ¢n. ,, (x,y) which are generated by (2.1)
and given by (1.2).

We begin by stating the following theorem.

Theorem 5.1. Corresponding to an identically non-vanishing function
Qu(y1,-..,ys ) of s complex variables y1, ..., ys (s € N) and of complex order
1, let

(5.1) Ay, ys3 2) == Z Qi (Y1, -5 ys )2
=0
(@ #0, pveQ)
and
@n17n2,p,,u,1/ (SU]_, T25Y1y---5Yss g)
[n1/p] ay
(62) : = Z m¢N—pl(m—l)7 na (xlan)Q;Hrl/l(ylv"-7y8)§l
—o 1T pL)
(nlap € N) :

Then we have

9] [e'S)
1 1
(53) Z Z @@nl,n27pﬂu7u <x1a T2;Yly -5 Ys; rp) ,,{HT,SQ

n1=0mn2=0 1
— A,u,u(yh Y n)wk (xl + 71, L0 + ,142) esam(m,m)*tpm(ern,erm)

provided that each member of (5.3) exists.
Proof. For convenience, let S denote the first member of the assertion
(5.3) of Theorem 5.1. Then, upon substituting for the polynomials

o | 1
n1,M2,D,4,V $1,$2,y17'--,ys,7p
1

from the definition (5.2) into the left-hand side of (5.3), we obtain

oo [n1/p]
a
S = e
n1,§2::0 ZZ; (n1 — pl)!na! N—pl(m—1), ny

—pl
: (xla Qfg) Qy+l/l<y17 sy Ys )r?l P Tg2nl =

00 00 P2
l 1 '2
= E a1 (Y155 Ys )N E N, ny (T1,72) =
n1!n2!
=0 ni,n2=0
— A“’y(yl, e Yss 77)¢k (-Tl + 71, T + 7’2) eﬁpm($17$2)_¢m($1+’r‘17$2+7"2)7

which completes the proof of Theorem 5.1.
In a similar manner, we can prove the following result.
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Theorem 5.2. Corresponding to an identically non-vanishing function
Uarks(Y1,...,ys) of s complex variables y1,...,ys (s € N) and let

EH,VLVQ (y17 -y Ysi 2, w)
0o oo
(5.4) o= Z Z ey oo Y M ko (Y1 - -5 Ys )zklwk2
k1=0 k2=0

(aklka 7& 0, M=k+ (m — 1) (k1V1 + kovy + ,u) , Uy, € (C)

and
@Z’:;{;i’t(.fl,.IQ,yl, <oy Yss Caé)
[n1/p] [n2/t] G b
17 2 B B B 1, a
klzo kz n]_ pk]_ N9 _tk2)'¢N (pk1+tk2)(m 1), no—tko ( 1 2)

(55) X\I’M,k‘z (ylv -y Ys ) Ck1€k2
where nq,n2,p,t € N. Then

(5.6)
E : § V1,12 . . ni,.n2
(bnl’na’p’t <x17$27y17“‘?y877/.p774) rl 7‘2
n1=0n2=0 1 2
:EM7V17V2 (y1, e Ys i1, A)¢k (xl + 7,20 + 7”2) €<Pm(a:1,xz)*sﬁm(x1+r1,x2+r2)

provided that each member of (5.6) exists.

6. FURTHER CONSEQUENCES AND MISCELLANEOUS PROPERTIES

By expressing the multivariable function

Q;H-Vl(ylv'-':ys) (l €N07 S GN)

in terms of simpler function of one and more variables, we can give further
applications of Theorem 5.1. For example, if we set

s=r and Qu-i-lll(ylv"':yr)_hflﬁ;lﬁr)(ylw'wy?’)

in Theorem 5.1, where the multivariable Lagrange-Hermite polynomials

h7(1a1,...,ar)(x1’ . $7~) [2] are generated by

(6.1) ﬁ{(l—xjt] a’} Zho‘l” (T1,...,zp)t"
j=1

1/2 1/r

, then we obtain the fol-

lowing result which provides a class of bilateral generating functions for the
Lagrange-Hermite multivariable polynomials and the polynomials

®N, ny (x1,72) defined by (1.2).

where |t| < min{\x1|_1,|x2|_ el
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[o.¢]
Corollary 6.1. If Ay, (y1,. .-, yr; 2) == > alhfm,’;[’%)(yl, e 7yr)zl where
1=0
a;#0, v,ueC;and

@n17n27p7N7V (xl’ L25Y1y s Yrs g)
[n1/p] ay ( )

- Z W¢N—pl(m—l)y no (71, 22) hlﬁ;i"% (Y1, -, yr)gl
=0 :

where n1,p € N. Then we have

o0

3 1 1
. . ni,.n2
n2!@n1,n2,p,u,l/ x17x27y17"'7y7‘7r7 7’1 TQ

ni,n2=0 1
(

(6.2)= Apo(yi,. - yrsn)r (21 + 71,22 + 12) 7™

provided that each member of (6.2) exists.
Remark 6.1. Using the generating function (6.1) and taking a; = 1,
uw=0,r =1, we have

x1,22)—@m(T1+71,82+72)

o] o) [nl/p]

1 ( )
¢ — — T1,T2 ,,,,szh T Y1y n Y
anr?ln—}?l
T .
= Y (r1 4+ 71,22 +72) e#m(@1,52)=Pm (@1 471,52472) H {(1 - yjnj)_%}
j=1
where

(Inf < min {lg |~ el /2l 7))

Choosing s = 2 and Wy, (y1,y2) = éu, ke (Y1,y2) in Theorem 5.2, we
obtain the following class of bilinear generating functions for the polynomials
ON, ny (T1,72).

Corollary 6.2. If

E/,L,lll,llz (yl: Y25z, ’U))

oo [oe)
- Z Wy oy DMk (Y1, Y2 ) 27102
k1=0k2=0
where Ak ko 7é 0, M=Fk+ (m — 1) (klyl + kZQVQ + ,u) , My V1,09 € NO and
éz’lljilgjji,t (1"17 T25Y1,Y2; Cv g)
[n1/p] [n2/t] L
= 1,R2
1= 2=

XOM. ko (Y1, y2 )CF1ER2



ABDULLAH ALTIN AND RABiA AKTAS 13

where ni,n9,p,t € N. Then we have

2 : E : m,V1,v2 ni,.n2
(I)nl,ng,p,t <$17$2 Y1,Y2; pa ’l”t> T‘l TQ

n1=0mn9=0 1 2
(6:3)= Sy (Y1, 9250, Ny, (w1 + 11, @ + ) ePm (102 = emEriraatrs)
provided that each member of (6.3) exists.

Remark 6.2. Using (2.1) and taking aj, x, = =0, =1 =1,

AT
we have

oo [n1/p] [n2/1]
Z Z Z Z A®D (F1, k2a”17“2)¢N (pk1+tks)(m—1), no—tko (w1, 22)
n1=0n2=0 k1=0 ko=0

k1 yko,.n1—pk1, no—tk
X Pkt (m—1) (k1 +k2), ko (Y1, Y2 )0 A1y rt

— d% (CUl + 71,9 + 7~2) djk (y1 + 7, Y2 + )\) eéom($1,$2)—<Pm($1+7’1,$2+7‘2)
w #m(Y1,92) =pm (y1+n,y2+X)

where
1

kl'kg (n1 — pkl)! (?22 — th)!.

Furthermore, for every suitable choice of the coefficients a; (I € Ny), if the
multivariable function €, ,i(y1,...,ys), (s € N), is expressed as an appro-
priate product of several simpler functions, the assertions of Theorem 5.1
can be applied in order to derive various families of multilateral generating
functions for the polynomials ¢n, 1, -

A( )(l{fl,k'Q,nl,TLQ)
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